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Abstract
We elaborate on how to incorporate mesonic correlators into the
worldline formalism. We consider possible applications to QCD-like
theories in various dimensions. We focus on large-Nc two dimensional
QCD (the ’t Hooft model) and relate it to a single harmonic oscillator.
We also discuss the dependence of the Peskin S-parameter on the
number of massless flavors and their representation and compare our
expression to the corresponding expression obtained at weak coupling.
Finally, we use the worldline formalism to discuss how the Veneziano
limit of QCD is realized in holography in the limit of small Nf/Nc.
1 Introduction
The worldline formalism [1] enables to express the QCD fermionic determi-
nant in terms of Wilson loops. Since in holography Wilson loops are realized
by minimal surfaces, the worldline formalism can be used to incorporate dy-
namical matter in an arbitrary representation into the gauge/gravity duality
framework [2]. Other recent applications of the worldline formalism include
the proof of planar equivalence [3] and an estimate of the size of the conformal
window [4].
In this note we wish to discuss how two-point functions of mesonic op-
erators are included in the worldline formalism. It had been previously dis-
cussed in [5]. Our main result is that mesonic two-point functions of the form
〈Ψ¯γµΨ(x) , Ψ¯γνΨ(y)〉 are computed by summing all possible (super-)Wilson
loops that pass via the points x and y. The purpose of this paper is to discuss
various applications of the above result.
The content of the paper is as follows: in section 2 we briefly review the
worldline formalism and study how to incorporate mesonic k-point functions
in it. We then consider various applications (which are almost unrelated
to each other) of our main result. In section 3 we focus on two-dimensional
QCD. We consider the ’t Hooft large-Nc limit with small Nf/Nc. In this limit
2d QCD was solved a long time ago by ’t Hooft. It consists of a single Regge
trajectory of mesons whose masses are given by M2n = πg
2Ncn. We show
that the worldline formalism maps 2d QCD to a single harmonic oscillator
and comment on the relation with non-critical string theory. In section 4 we
discuss the behavior of the mesonic 2-point function in four dimensional the-
ories at strong coupling. We use our result to calculate the dependence of the
Peskin S-parameter on Nf and the matter representation. We compare the
expression of the S-parameter at strong coupling with the corresponding weak
coupling expression. In section 5 we discuss the Veneziano limit of QCD. We
use the worldline formalism to incorporate k-point mesonic functions in a
holographic description of QCD. We find that the Feynman graphs of QCD
in the Veneziano limit resemble at strong coupling string worldsheets, except
that the string worldsheet acquire another dimension that corresponds to the
holographic RG coordinate.
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2 Mesonic correlators
Let us briefly review the worldline formalism [1]. The basic idea is to express
the fermionic determinant in terms of Wilson loops. The precise relation
between the fermionic determinant and Wilson loops is as follows
(det i 6D)Nf = expNfΓ[A] , (1)
and
Z = 〈expNfΓ[A]〉YM , (2)
where
Γ[A] = −
1
2
∫
∞
0
dT
T
×
∫
DxDψ exp
{
−
∫ T
ǫ
dτ
(
1
2
x˙µx˙µ +
1
2
ψµψ˙µ
)}
× TrP exp
{
i
∫ T
0
dτ
(
Aµx˙
µ −
1
2
ψµFµνψ
ν
)}
, (3)
with xµ(0) = xµ(T ). Thus Γ[A] is a sum over (super)-Wilson loops. The sum
is over contours of all sizes and shapes.
Consider now a two point function of the form 〈Ψ¯γµΨ(x) , Ψ¯γνΨ(y)〉. For
simplicity we focus on vector meson. The two point function is given by
〈Ψ¯γµΨ(x) , Ψ¯γνΨ(y)〉 =
∫
ddk
(2π)d
eik(x−y)
(
k2gµν − kµkν
)
G(k2) . (4)
At large-N G(k2) corresponds to a sum over the vector meson propagators
G(k2) =
∑
n
f 2n
k2 −M2n
(5)
Let us see how mesonic correlators enter the worldline formalism. Let us
couple the current Ψ¯γµΨ(x) to an external gauge field Bµ, S =
∫
ddxBµΨ¯γ
µΨ.
The two point function is given by
〈Ψ¯γµΨ(x) , Ψ¯γνΨ(y)〉 =
δ
δBµ(x)
δ
δBν(y)
Z|B=0 (6)
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Let us expand expNfΓ in powers of Nf . The first contribution to the above
expression (6) arises from the O(Nf ) term. The derivatives with respect to
B project out Wilson loops that do not pass via the points x and y. Hence
to O(Nf ) we obtain
δ
δBµ(x)
δ
δBν(y)
Z|B=0 =
∫
DAµ(exp−SYM)×NfΓx,y[A] , (7)
where Γx,y[A] includes all Wilson loops that pass via x and y as depicted in
figure (1).
yx
Figure 1: A typical contribution to the mesonic two point function.
Let us restrict ourselves to the bosonic part of Γ. Omitting the worldline
fermions is justified if the spin of the quarks in neglected. We obtain
∫
d2k
(2π)2
G(k2)(exp ik(x− y)) =
∫
DAµ(exp−SYM)×
Nf
2
∫
dT
T
∮
x,y
Dx (exp−
∫
1
2
x˙2µ)Tr (exp i
∫
Aµx˙
µ) . (8)
In the following sections we will discuss various applications of the ex-
pression (8).
Let us elaborate on higher order terms in the expansion of (2). Naively
the expansion is in powers of Nf , but it is actually an expansion in powers of
Nf/Nc. The reason, as explained in [4], is that we need to evaluate connected
Wilson loops of the form 〈W1W2...Wl〉conn.. Going to a higher order in the
expansion involves a higher power of Nf , but since we need to connect a
Wilson loop to the rest of the diagram at least one gluon exchange is required.
The gluon coupling to two Wilson loops involves g2YM, or λ/Nc. In order to
clarify this issue in a simple case, a typical O ((Nf/Nc)
2) diagram is depicted
in figure (2).
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Figure 2: A second order contribution to a mesonic two-point function. The wavy line
represents a gluon exchange between the Wilson loops.
3 Two dimensional QCD
Two dimensional QCD in the large-Nc limit was solved a long time ago
in the seminal work of ’t Hooft [6]. The solution of the model consists of a
single Regge trajectory of mesons with an asymptotic (large radial excitation)
spectrum of the form M2n = πg
2Ncn.
Consider now the expression (8). It is the leading O(Nf/Nc) contribution.
In the ’t Hooft limit of large-Nc and fixed Nf it is valid to neglect higher
order corrections, hence (8) is the large-Nc leading bosonic truncation of the
partition function.
Let us carry out the integration over the gauge field. In two dimensions
the expectation value of a Wilson loop, of any shape and size, respects an
area law
〈Tr (exp i
∫
Aµx
µ)〉 = exp−σA , (9)
where the string tension is given by σ = g2Nc. Hence the bosonic part of the
worldline action takes the form
Nf
2
∫
dT
T
∫
Dx exp(−
∫
∂A
dτ
1
2
x˙2µ − σ
∫
A
dxdy) . (10)
By using Green’s theorem we can convert the surface integral into a contour
integral ∫
A
dxdy =
1
2
∫
∂A
xdy − ydx ≡
1
2
∫
∂A
dτǫµνx
µx˙ν (11)
The partition function hence takes the form
Nf
2
∫
dT
T
∫
Dx exp−
∫
dτ(
1
2
x˙2µ −
1
2
σǫµνx
µx˙ν) . (12)
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Interestingly the above Lagrangian (12) describes the motion of an electron
in a constant magnetic field of strength B = σ. This system was analyzed
a long time ago by Landau and the corresponding energy levels are those of
an harmonic oscillator, with ω = B = σ, hence
En = σ(n +
1
2
) . (13)
The highly excited energy levels En → g
2Ncn should be compared with the
highly excited masses of the ’t Hooft model M2n → πg
2Ncn. We therefore
identify En with M
2
n/π.
Few comments are in order. In our mapping of the ’t Hooft model to
an harmonic oscillator, we have neglected the worldline fermions. Such an
approximation is equivalent to neglecting the spin of the two-dimensional
fermions, namely to a model where the matter is scalar. Neglecting the spin
is valid for highly excited mesons where the contribution to the mass arises
from the QCD-string and not from its endpoints.
We have also neglected self intersecting Wilson-loops1. We expect that
such loops will be negligible for high excitations. The intuitive explanation is
as follows: consider an intersecting loop, as depicted in figure (3). The space-
time picture is of a string whose worldsheet is singular. While we cannot
prove it, we believe that singular worldsheets do not dominate the highly
excited masses. On the contrary: the partition function is expected to be
dominated by smooth string worldsheets. In fact, a holographic calculation
of the QCD string tension does not involve intersecting Wilson loops. Thus,
holography supports our intuitive explanation that while low-lying states
could be affected by intersecting loops, the contribution to the asymptotic
spectrum from those loops is negligible.
Note that the spectrum of 2d QCD consists of a single Regge trajectory.
There is no asymptotic Hagedorn density of states in 2d. This is in agreement
with the fact that the spectrum of a one-dimensional harmonic oscillator is
not degenerate.
It would be interesting to generalize our result to 4d. There are few diffi-
culties in doing so. The first is that not all the Wilson loops that contribute
to the partition function enclose a large area, hence an area law is not jus-
tified in this case. Another problem is that a generic Wilson loop does not
1We wish to thank Y. Makeenko for a discussion about self intersecting loop, a com-
prehensive treatment of these loops in this model is found in [7].
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Figure 3: A self intersecting Wilson loop.
rest on a plane. It is nevertheless tempting to guess that it is possible to
generalize our result by using infinitely many harmonic oscillators - namely
by a string.
The last comment is that there have been attempts to describe the ’t
Hooft model by a dual string [8, 9]. The precise relation with string theory is
not known yet, but it is reasonable to assume that the dual model should be
a 3d non-critical string theory with an IR cut-off along the ’radial’ direction.
Our finding that the ’t Hooft model can be described (at least the asymptotic
mass levels) by an harmonic oscillator, suggests that perhaps one should start
by looking for the string dual of a single 1d harmonic oscillator.
4 S-Parameter
A well known problem that plague models of Technicolor is that the electro-
weak observable receive oblique corrections from the hidden Technicolor sec-
tor. In their paper [10], Peskin and Takauchi showed how these corrections
can be conveniently summed up into three parameters S, T and U which are
predictions of each specific model. These parameters spans a 3d space con-
strained by the experimental value of the electro-weak observables. Among
these three parameters the S parameter stands out in its importance not
only because it is the most reliably estimated, but also because T and U
arise from interactions that breaks the SU(2) custodial symmetry and so are
only relevant in extended Technicolor models and in most cases one can show
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(perturbatively) that they are suppressed compared to S 2. Because of that
the constraints on the value of S are more accurate and robust then those on
T and U 3.
The S-parameter is defined as
S = 4π
∂
∂Q
∫
d4xeiqx[ΠV (x)−ΠA(x)]
∣∣∣
Q=0
(14)
Where Q = −q2 and
Πµνab (x) = 〈J
µ
a (x)J
ν
b (0)〉 = (gµν −
∂µ∂ν
∂2
)Πab(x) (15)
In a basic model based on a gauge group SU(N) with Nf massless tech-
niquarks transforming in a representation R, such as [11], a one-loop analysis
gives [12]
S =
1
12π
Nf dimR . (16)
But this result should be considered only as a hint, since the Technicolor
sector is tuned to be strongly interacting in the relevant regime (ΛTc >
ΛQCD). A variety of non-perturbative approaches had been applied to this
problem [10], and recently even the gauge/gravity duality was applied to it
[13]. In this section we wish to apply the worldline formalism to estimate the
S-parameter in the strongly coupled regime.
According to our analysis a mesonic two-point function can be written as
a sum over Wilson loops as in (8). Namely,
Π(x) = Nf
∑
C
αC〈WR(x)〉 . (17)
where 〈WR(x)〉 is a Wilson loop passing through two point x and 0. Inserting
this into (14) we find
S = 4πNf
∑
C
αC
∂
∂Q
∫
d4xeiqx[〈W VR (x)〉 − 〈W
A
R (x)〉]
∣∣∣
Q=0
. (18)
2Perturbative estimation (such as eq. (16)) shows that S measure the size of the hidden
sector, and by definition it is isospin independent.
3Phenomenology extending the Technicolor is crucial, unfortunately it also turn things
too complicated for the current technology we posses.
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The dependence on the representation enters solely via the Wilson loop repre-
sentation. Wilson loops expectation values are proportional to dimR. More-
over, large Wilson loops exhibit an area law with a string tension that de-
pends on the N -ality of the representation
〈WR〉 = (dimR) exp−σkA . (19)
σk is the string tension of a representation R of N -ality k in pure Yang-Mills
theory. Therefore, under the assumption that the S-parameter is dominated
by confining Wilson loops (Wilson loops whose vev exhibits an area law) we
arrive to the conclusion that
S = CkNf dimR , (20)
where Ck is an unknown proportionality coefficient that depends on the N -
ality of the representation. In particular it is the same coefficient for the two-
index symmetric, antisymmetric and the adjoint representation of SU(N),
but it differs from the coefficient of the fundamental representation. Since
the string tension increases with k, Ck ∼ exp−σkA decreases with k. In
particular, C2 < C1. The latter observation might be useful for technicolor
theories based on the symmetric representation [12].
It is interesting to compare our result (20) with the perturbative (one-
loop) result (16): both are proportional to Nf dimR, but in our case the
proportionality coefficients Ck are unknown and there is no reason to expect
them to be k independent.
Finally we wish to summarize the assumptions that were made in arriving
at (20). (i). We assumed that the sum is dominated by large Wilson loops.
(ii). We considered only the O(Nf) contribution. This is valid when the
expansion parameter NfC(R)/Nc is small.
5 Veneziano limit of QCD and string theory
In this section we discuss the Veneziano limit of QCD. We use the worldline
formalism to comment on the dual description in string theory.
Consider QCD with an SU(Nc) gauge group and Nf flavors of fermions
transforming in the fundamental representation. This theory in the limit
Nc → ∞, Nf/Nc and g
2Nc fixed was analyzed along time ago by Veneziano
[14].
8
In the above limit (“Veneziano limit”) the dependence of a mesonic k-
point function on Nc and Nf is [14] (see [15] for a recent review)
〈M(x1)M(x2)...M(xk)〉 ∼
(
Nf
Nc
)w
N
(2− k
2
−2h−b)
c , (21)
where w is the number of windows (fermionic loops), b is the number of
boundaries where the mesonic operators are inserted and h is the number of
holes. A typical diagram is depicted in figure (4). Note that the dependence
on Nf is solely via the windows in the diagram, created by fermionic loops.
xx
Figure 4: A perturbative planar contribution to the mesonic two point function. Meson
insertions are made on the boundary. Fermion loops create windows in the diagram.
Let us see how the above (21) dependence is captured by the worldline
formalism and holography.
In the holographic dual Wilson loops are described by string worldsheets
that terminate on the boundary of the AdS space (or in general on the
boundary of the gravity dual manifold) [16]. The worldline formalism tells
us that in order to incorporate dynamical matter in the partition function,
one has to sum over all sizes and shapes of Wilson loops. Therefore, in
order to incorporate dynamical matter in the holographic description, one
has to sum over all string worldsheets that terminate on the boundary [2],
as depicted in fig. (5).
In order to compute mesonic k-point functions, it is necessary to sum
over all Wilson loops that pass via x1, x2, ..., xk. The leading holographic
contribution is given by a minimal surface that terminates on the AdS (or
the dual gravity manifold, in general) boundary and pass via x1, x2, ..., xk.
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AdS boundary
Figure 5: A Wilson loop as a minimal surface in AdS/CFT. Dynamical matter at O(Nf )
is added to the holographic description by summing over all possible string worldsheets
that terminate on boundary.
In order to compute a contribution at O(N lf), the worldline prescription
is that it is necessary to consider 〈W1W2...Wl〉conn., namely the connected
l-point function of Wilson loop operators. The holographic description is via
a minimal surface with l loops on the AdS boundary. It is interesting to
compare it with the perturbative analysis of Veneziano. The diagrams look
almost identical, except that at strong coupling (holographic description)
we acquire another dimension and while the holes live on the boundary, the
string worldsheet is pulled into the holographic radial direction.
In figure (6) we consider a typical contribution to a mesonic 2-point func-
tion.
AdS boundary
x x
Figure 6: A typical contribution to a mesonic two-point function. The mesonic insertions,
denoted by the letter x, sit on one of the Wilson loops. The contribution depicted in the
above figure contains one window.
It is easy to see how the dependence of the mesonic k-point function on Nc
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and Nf (eq.(21)) is correctly captured by the holographic description based
on the worldline formalism. The dependence on h, N
(2−2h)
c is due to the
standard genus expansion in a closed string theory. These are bulk closed
string loops. As we already noted each window adds a factor of Nf/Nc (see
a detailed discussion in [4]), hence the factor (Nf/Nc)
w. The dependence
N
(−k/2−b)
c is essentially due to the normalization of the mesonic operators.
Thus, we propose that the dual description of QCD in the Veneziano
limit is in terms of a closed string theory. The propagating degrees of free-
dom in the bulk are closed strings only. In addition, one should add string
worldsheets that terminate on the boundary.
We would like to stress that our description makes sense only when Nf/Nc
is small and a perturbative expansion around the confining Yang-Mills vac-
uum is valid. Presumably when Nf/Nc ∼ O(1) there is no string dual, unless
the flavor symmetry is gauged with a large ’t Hooft coupling. Such a case
was recently discussed in [17].
6 Summary
In this short note we derived a prescription, based on the worldline formalism,
for a calculation of Mesonic correlators at strong coupling. We focused on
three applications: 2d QCD, the Peskin S-parameter and a realization of the
Veneziano limit of QCD in holographic duals.
The present work can be continued in various directions. It will be inter-
esting to compute the k-point function of mesonic operators in the ’t Hooft
model by using the worldline formalism and compare it to known results. It
is important to know whether one can actually use the worldline formalism
for holographic computations beyond qualitative estimates. Another impor-
tant issue is the importance of the contribution of self-intersecting Wilson
loops. We postpone these questions for a future work.
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